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ABSTRACT 
Let 9 be the set of all primitive (0,l) matrices of order n, and let 9(n, d) := 
(A 1 A E 9 and trace(A) = d}. Let E(n, d) be the exponent set of %n, d), and let 
E(n)= ui=,,E(n,d). It is known that E(n,n)={1,2,...,n-1) and E(n,d)= 
{2,3,...,2n-d-l), l<d<n-1. In this note, we prove that 
0, n = 1,2, 
E(n)\{1,3), n=3, 
E(n)‘(l) n>4. 
1. INTRODUCTION 
An n X n (0,l) matrix A is called a primitive matrix if there exists a 
positive integer k such that Ak = J, the n X n matrix of all 1’s. The least such 
k is called the exponent of A, denoted by y(A). 
Let 9” be the set of all primitive (0,l) matrices or order n, and let 
9(n,d):=(AIAES’andtrace(A)=d}. 
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Let E(n, cl) equal th e set of components of matrices in 9(n, d). Finally, let 
E(n) = lJ i=,E(n, d), the set of exponents for primitive matrices of order n. 
It is known that (see [l, 21) 
E(n,n)={1,2 ,..., n-l}, 
E(n,d)={2,3 ,..., 2n-d-l}, l<dfn-1. 
In this note we complete the problem by describing the set E(n,O). 
The associated digruph of A = [ aij], denoted by G(A), is the digraph 
with vertex set V={l,2,..., n) where there is an arc from i to j iff aij = 1. A 
digraph G is primitive if there exists an integer k > 0 such that for all 
ordered pairs of vertices i, j E V(G), there is a walk from i to j with length 
k. The least such k is called the exponent of the digraph G, denoted by 
y(G). Clearly, a matrix A is primitive iff its associated digraph G(A) is 
primitive, and in this case y(A) = y(G(A)). A digraph G is primitive iff G is 
strongly connected and gcd(r,, t-s,. . . , rA> = 1, where L(G) = {r-i, ra, . . . , rA\) 
is the set of distinct lengths of the elementary circuits of G. 
Let i, j be any ordered pairs of vertices of G. The relative distance 
dLCc,(i,j) from i to j is the length of the shortest walk from i to j which 
meets at least one circuit of each length ri for i = 1,2,. . . , A. The exponent 
from i to j, denoted by -y(i, j), is the least integer y such that there exists a 
walk of length m from i to j for all m > y. 
Let G be a primitive digraph with vertex set y(G). Let R = {ri,, . . , ri,} c 
L(G) have the property that gcd(r,,, . , ri,) = 1. 
PROPOSITION 1 [41. y(i, j) Q d,(i,j)+ $(R), where 4(R) denotes the 
Frobenius number (see [4]). 
Recall that for relatively prime integers a and 67, $(a, b) = (a - Mb - 1). 
PROPOSITION 2 [4]. 
and 
Y(G) = i,j~$G,y(i’j). 
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We begin by stating the following two results. 
THEOREM A[3-S]. 
E(n)=(1,2 ,..., n2-2n+2}\S, 
where 
(n” -ttz+~(t+1)2,n2-(t-l)n+t-2), 
s= t=0,1,2 ,...; n#ll, 
(n” -i%+f(t+1)2,n2- (t-l)n+t-2)U(48}, 
t=0,1,2 ,...; n=ll. 
Here (a, b) denotes all integers m satisfying a < m < b. 
THEOREM B [6]. Let _@‘(n, 0) denote the subset of symmetric matrices in 
_9(n, O), and let ES(n, 0) be the set of exponents of matrices in 9’(n, 0). Then 
E”(n,0)={2,3 ,..., 2n-4}\T, 
where T is the set of all odd numbers in {n - 2, n - 1, . . ,2 n - S]. 
We now consider E(n,O). 
It is easy to see that there are no primitive matrices with zero trace of 
order 1 or 2. Thus 9(n, 0) = 4 and E(n,O) = 4 for n = 1 and 2. 
LEMMA 1. {2,3 ,..., n-3}cE(n,O), n>S. 
Proof. Obvious from Theorem B. 
LEMMA 2. Forna4, {n-2,n-l,n}cE(n,O). 
n 
Proof. Consider a matrix A, E _%n, 0) with associated digraph G(A,) 
given in Figure 1. (An edge with no arrow signifies an arc in both directions.) 
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FIG. 1. G(A)) (2 Q k < n - 2). 
Let R = (2,3} 2 L(G(A,)). By Proposition 1, 
= k +(2-1)(3-l) 
=k+2. 
There exists a walk with length k + 2 but no walk with length k + 1 from 
1 to 1. So y(l,l) = k +2. 
It is not difficult to see that 
y(i,j) <k +2 for i,j l V(G(Al)). 
[Although d,(l, k + 1) = k, ~(1, k + 1) < k + 1.1 Hence by Proposition 2, 
y(G(A,))=k+2,2dk~n-2.Ifn>,6,bychoosingk=n-2,n-3,n-4 
we conclude that (n, n - 1, n - 2) E E(n, 0). 
If 12 = 5, by choosing k = 2,3 we conclude that {4,5} c E&O). The 
matrix 
[ 
0 1 0 1 1 
0 0 1 1 0 
A,= 0 1 0 1 1 
0 0 1 0 1 
1 0 0 1 0 
is in _@(5,0) and has exponent 3. 
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FIG. 2. G(A,) h > 3). 
If n = 4, by choosing k = 2 we obtain 4 E E(4,O). The matrices 
r0 1 0 1 
A=1 I 0 11 
3 
0 1 0 1 
and A,= 
1 1 1 0 1 
:A,) = 3. 
[ 0 1 0 1 0 1 0 1  
n are in ~(4,0>, and &43) = 2~ J’( 
LEMMA 3. n+l~E(n,O), n>3. 
Proof. Consider the matrix A, E 9(n,O) and G(A,) are given in Fig- 
ure 2. Clearly, y(G(A5)) = ~(1, n) = (n - 1)+(2 - 1x3 - 1) = n + 1. n 
LEMMA 4. {n+2,n+3 ,..., 2n-2}cE(n,O), 7~24. 
Proof. Consider the matrix A, with G(A,) given in Figure 3. 
Let R = (2,3} c L(G(A,)). Then 
y(l,n-k),<d,(l,n-k)+~(2,3) 
=n-k-l+n+(2-1)(3-l) 
=2n-k+1. 
FIG. 3. G(A,) (n > 4,3 Q k < n - 1). 
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There exists a walk with length 2n - k + 1 but no walk with length 2n - k 
from I to n-k. So y(l,n-k)=Zn-k+l. 
It is easy to see that 
-y(i,j) < 2n - k + 1 for all i,_i E V(G(As)). 
Thus y(D(A,)) = ~(1, n-k)=Zn-k+l. Since 3<k<n-1, we have 
(n + 2, n + 3,. . . , Zn-Z}GE(n,O),n>4. n 
THEOREM 1. 
E(n,O) = E(n)\(l), n > 4. 
proof. Since E(n,d)C{2,3 ,..., 2n-2) for l=~dGn, 
E(n)\{l,Z,..., 2n -2) C E(n,O). 
The result now follows from Lemmas 1, 2, 3, and 4, and the observation that 
1 g E(n,O). n 
It is now easy to verify: 
THEOREM 2. 
E(3,O) = E(3)\(1,3}. 
In summary we have 
n = 1,2, 
n=3, 
n > 4. 
Thus for n > 4, if m > 1 and m is the exponent of a primitive matrix of order 
n, then m is the exponent of a primitive matrix of order n with trace zero. 
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during my visiting the Department of Mathematics at the University of 
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